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X
,
Y smooth projective varieties Cover some field K)

of dimensions dx dy
.

Question : D"(X)- Day) ?

Want to find a fully faithful triangulated functor DP(X) DP14) ,
i. e

. Home)-1-) Hom (E(-1 , EC-1) · cautomatically natural

Game plan : ⑦ Remarks on fully-faithfulness Homy (1-) : = Exty - - -)
② First examples

: = Hompyl-11-1[i])
= His RHonic-1-1)

③ A general criterion

① Example : (Possibly singular) blow-ups

① Remarks (i) fully faithful E) equivalence onto a full triangulated
( essentially injective) subcategory

(ii) If I has both adjoints (V) : Can be checked on spanning classes
like SOx]eXclosed or SLoize

,
Lample line bundle on X. T

0 = (1
+
=

+
3)



(iii) If dy < dy , then DPCXDP) will not be an equivalence !
CEquivalences of derived categories preserve serve-functors -> dimensions)

livl Y (smooth) projective => DP(4) saturated (opertin)

=> any
full triang . suscategory is admissible

=> E induces semi-orthogonal decomposition
< E(DEX1) ,

+ ECDSX1))
~

-

ECDSX1) adm .

=> Triangulated

The (Orlor) X , Y Su . proj ., fully faithful + triangulated
= Eis of Fourier-Muhai type

sxth +41 ClimitsChoice of↓

Today: = ( (90p
*G) in the situation pre where

XY

pis smooth + proper , c closed embedding , &ECoh(V) 10. free·

No: is a Fortier-Muhai transform with herrd to E !

(projection formula



② First examples (ildridy ,
e .g.
V= IP(E) X with a locally free :

Cor iterated versions IPCEu) + IPIEn-) +.. -> X)

Claim : All the functors poc-10dpli) from Orlor's projective bundle
formula are fully faithful !

(olithrelingshelProof : Look at How-spaces : ht

HomSA , B) E Hom (p
*Al, poBi)wisting

with line bundles

= equivalence (
= Homi (p

* A
, pB) car Hom (A
,MpB)

Fully-faithfulness now easily follows
=

Rp .OpisB
from RpedpalEOSO] (Use e . g. 113)Uxpr-- + kinneth formula) !

(ii) dv = dxs i
.
e .
X Y closed embedding.

Non-derived 2 : Coh(x) -> Coh(4) is fully faithful , but

this becomes false for the derived - : DP+ DP141 !



Closed embeddings are in general not fully faithful :

If A = B = 0X
,
Hicox) = 0 for iso : (eg .

X = Speck < 4)

0 = Hi(X) = Homi (0)Es( ( ) + 0
Think of Using 20+1 . + 1 : will be related to

Exti(
,40) = NiTY cohomology of normal bundle &

# O wedge powers MWxs ! Need not
&

vanish.

(ii)dx = 0 , e .g
. VY

: E = cap fully faithful
I (Test on K(oJEDG(Speck) (

Speck LOv is an exceptional object in DP(4)
I

Hom(con , (0) = k[0]

Claim In the case of aSu.
curve V = C in a surface Y = S.

↳On exceptional in DP14) El Crational curve , C2
= -1

~

(2) fully faithful) sexceptional carve of first kind)



Hence on a minimal surface , there are no exceptional objects of the
form 20 ,

CCS curve.

Prof Homs(ad40) = HomL sweat
A

EPF = HomP(LA : L0c
, OC) (spectral sequence)

Since (S is Cartier-> get loc . free resolution

In general : C=V reduced li off 01 -c + 0,71 . 0, -0
inside y smooth

=> locally >V = V(s) , seH%)
=(0= [0 -c) + Os]

regular
section, = [0, c- ( = 0]

-Mostul complex : resolution Was0 199.. EVoyecuto ,
WyFEiv ,

E = Old here !

In general : (ind1
= 17020-[

(Huybrechts FMoTrafos (11)



=> The spectral sequence approximating Homi** (10 ,
1 . 0)

becomes 900 . 0.0
(dim( = 1)

·

HYNcs)
. oHocs)

His
H90) · ⑧ · op

He(0) , i= 0

=> Hom Sind , L0al = Hewlettse
, inSeitE Hi) ,

i = 2

0 , 123

Now h10c = 1 = ( connected , his0 ) =g(C) = 0 = CEPPY
,

Was = Pli) , i
= deg Was = Ch

, HNcs) =0 => i = -1

.
& For Blow-ups of smooth surfaces in a point , the

exceptional divisor is an exceptional object.



③ Main Prop . Consider a correspondence Y as before ,
and a

CA general FM-Trafo = (Exp
*H)

,
with& locally free

criterion
Then E is fully faithful , provided that on every

j
fibre of p

:

· Homv(E , E) = Gid ,
E = EN

-
W

k4V+ Y · HP(V , 17(N ,/GEE) = 0
↓ 13 IP -

2
p+q30vanishes

Ers aX only exists if for E = line bundle
VfY

Proof ingredients · Use Bondal-Orlov-criterion to prove fully-
faithfulness of on spanning class 30xTex
only in certain degrees

· Homij (E(Q) , ECO) = Homy (joE , joE) , use jetj' , approximate
by spectral sequence.

· H7j'jE) = Edjjaduled1t-jjue det Wus
= 129Nun ,

use se.s. Oto +Was -> Manla +osee previouseTalso works for Li's !



Remarks (i) There is a similar criterion for semi-orthogonality,
see my artir-preprint.

(ii) It is not clear to me why the converse of the statement
should hold .

Let me know if you have a proof in mind !

④ Example Consider a blow-up of X (potentially singular) in a smooth

Center Y
.
Then we have a cartesian

square
Exce * and can consider # = (20pt),

EnX = ProjyDEM Of B
j = 24/x y X

& line bundle.

D Assume that EyX + 7 has fibres
all isomorphic to

"

?
so that Opl-k) = NEyX/E, 420.

(l) Y : Wa locally free , Synibign= Ede , Ent
= IPIMi,

-

po-bundle with C = codin (4.x/)
Then E is fully faithful if c-17421 .



Remark : Part of Orlor's blow-up formula where X . Y are smooth,
k = 1

,
c = codim (Y.XK- 2.

Proof of fully faithfulness : Look at fibres + the two conditions :

· Homper (iparipa) = Ho( , 0) =2

· HPV ,Minde = HP(p , 170) -h) = ?

90 : H
* (PC

, 0) = k[0] (see above)

E
: H

*( , 0(h)) at most concentrated in degrees
0 or C-1.

Vanishes if - b < 0 or-K = -k -1).

Example : Hilberf scheme X of two points , blowup of X= XY2 :

Pix) X9 Wiray)(x = Op( - 2)

↓ P 1 ↓blow-up => DP(X/4 DiX
*

) if dimx ? 3 .

X()X( (More such functors are known
,
see work of

Krug , Plog , Sosua


